Abstract. Let (X, /i), ( Y, v) be finite measure spaces and 1 < q < oo, 1 < p < q. An integral operator InMJc): Lg(v) -»//(ji) becomes compact, if we cut away a suitably chosen subset of X of arbitrarily small measure. As a consequence we prove that lnt(/c) may be written as the sum of a Carleman operator and an orderbounded integral operator, where the orderbounded part may be chosen to be compact and of arbitrarily small norm.
Introduction. (A'
%, /x) and (Y, eÜ, v) will denote finite measure spaces. For 1 < p, q < oo we call an operator T: Lq(v) -» Lp(¡¡) integral, if there is a measurable kernel-function k(x,y) on X X Y such that for g G Lq (v) Tg(x) = f k(x, y)g(y) dv(y) jx-a.e.
JY
The integrand is required to be Lebesgue-integrable for /x-a.e. x G X (cf. [7] or [9] ).
In this case we write T = Int(&).
There are two well-behaved subclasses of integral operators: Int(A:) is called Carleman if, for ju-a.e. x G X, k(x, •) G Lr(v) where r'x + q~x = 1. The operator Int(&) is called orderbounded if it transforms orderbounded sets into orderbounded sets or equivalently if |A:| also defines an integral operator from Lq(v) to Lp(¡i). In this case we call Int(|/c|) the modulus or absolute value of lnt(k).
Let us specify the following notation. If g G L°°(u) we denote by Pg the multiplication operator/-»/-g on Lp(n). If g = Xa *s a characteristic function we write PA for P^.
2. Preliminaries. In this section we recall known results for later reference.
2.1. Theorem (NikiSin, [11, Theorem 4] ). Let 0 < q < oo and T: Lq(v) -> L°(/i) be a positive, continuous operator. For e > 0 there is an A Q X, fi(X \ A) < e and such that PA ° T takes its values in Lq([i). We also need a technical result, which follows easily from [9, Theorems 4.7 and 5.12].
2.3. Lemma. Let \ < q < <x>, 1 < p < oo and k(x,y) > 0 be such that Int(fc) defines an operatot from Lq(v) to Lp(p). Let kn(x,y) > 0 be such that k = 2"_iA:B.
(a) 2"_!lnt(A:n) converges unconditionally to Int(fc) in the strong operator topology of B(Lq(v), Lp(,x)).
(b) If 1 < q < oo and lnt(k) is compact then the above sum converges unconditionally in the norm of B(Lq(v), Lp(n)).
3. Almost compactness of positive integral operators.
3.1. Theorem. Let 1 < q < oo and k(x,y) > 0 be such that lnt(k) defines an operator from Lq(v) to Lq(n). Given r < oo we may find g G L°°(fi) such that g~x G Lr(fi) and Pg ° Int(A:):
Proof. Let us start with the easy case q = oo. It is an old result, dating back to Dunford's paper [4] in 1936, that a o*-continuous T: Lx(v) -* Lao(ri) is integral iff for e > 0 there is A Q X, fi(X \ A) < e and such that PA ° T is compact (see also [5] and [12] ). So find a partition (A^_, of X such that PA ° Int(&) is compact and, given r < oo, find a nullsequence («")"_, of strictly positive scalars such that g-1 = S".,«^1^
G Z/( w). It is easy to check that Pg ° Int(A:) is compact. Now assume that 1 < q < oo. Given r < oo find 1 <p < q such that r~x > p~x -q~x. The operator Int(A:) is a compact operator from Lq(v) to Lp(pi) (cf. [1] or [9, Theorem 5.4 ]; compare also [3] ). Let kn = k-X{"-i<A<nj and deduce from 2. Theorem 4.1 is a strengthening of the known result of "twosided cutting off, which seems to be due to Korotkov [8] It is now easy to verify the asserted properties of k c and k°.
5.2. Remark. We do not know whether for arbitrary 1 < p, q < oo an integral operator Int(Af): Lq(v)^> Lp(¡i) may be decomposed into a Carleman and an orderbounded part. We know that this is possible in some cases not covered by 5.1. For/? = q = 1, for example, this is trivially possible as every continuous operator T: Lx(v)^> Lx(n) is orderbounded. However, we do not have the full strength of 5.1 in this case. The operator from Remark 3.2 may not be decomposed in such a way as to make the orderbounded part compact or arbitrarily small in norm.
